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Nonnegative matrix factorization

+ Problem

Given F' € RT™™ and r, find U € R}*", V € RU*™ such that F = UV.

Non-convex, NP-hard minUERixT7V€RZ><m R(F,UV)
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Nonnegative tensor factorization

+ Problem MG ermir @ er?
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+ Tensor product: multi-linear, homogeneous
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Nonnegative tensor factorization

+ Problem min ngxr R(F, v @U® ®---®U(d))
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+ Tensor product: multi-linear, homogeneous

UMeRM ™", UM@EeR

+ A hard problem even without the positive constraint

+ Applications (natural multi-dimensional data, image, video, moments)




Literature

high variance especially for large scale problem

|F=UV|F

Dir(F|UV)
+ Alternating optimization method

can we solve it in a more controlled way?

average mean square loss
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Literature
|F'=UV|r  Dgrp(F|UV)

+ Alternating optimization method
high variance especially for large scale problem
can we solve it in a more controlled way?
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+ Recent theoretical work on exact recovery under assumptions
can we still solve it in a agnostic way?



Literature

Alternating optimization, EM-
based algorithm (Lee Seung
2001) (Hoyer 2004)

Exact  recovery  algorithms
(Arora et al 2012) (Recht et al

2012)

Proposed algorithm

computation | fast O(n") O(r poly(nm))
guarantee start from random initialization, | provably R(F, E.n) < R(F, F )+ e
converge to local optima
robustness | optimization based, agnostic assumptions: exact factorization | optimization based, agnostic

/ anchor word / random genera-
tion of factors
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Algorithm

+ Observation:
positive weighted sum of rank-one matrices/tensors

supported over the sphere in the positive orthant

- BY = {u>0,lul = 1}
FreF =Y \u"ou?e.. ou®

1=1
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Algorithm

+ Observation:
positive weighted sum of rank-one matrices/tensors

supported over the sphere in the positive orthant

= B = {u > 0, Jull2 = 1}
F%F\:Z)\iugl)@)u?)®...®u§d)

1=1

+ Eckart-Young fails... but can we still find one at a time?

+ Greedy feature selection (Frank-Wolfe)

incremental, greedy, first order method
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Incremental algorithm

-
F%F:Z)\iuivj, U7;€B_T,U7;€Bi
1=1

At t-th round: start from a rank (t-1) F\t_l = U,_1V;_1 find arank t NMF
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Incremental algorithm

-
F%F:Z)\iuivj, U7;€B_T,U7;€Bi
1=1

At t-th round: start from a rank (t-1) F\t_l = U,_1V;_1 find arank t NMF

+ Step 1. Greedy feature selection
(ug,v¢) =arg min  u' (VXR(F,X)|E1)U

uEBT,UEBi

v Maximizing the decreasing rate of loss function at Fi_1
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Incremental algorithm
F%ﬁ:Z)\iuiU;r, U7;€B_T,U7;€Bi
1=1
At t-th round: start from a rank (t-1) F\t_l = U,_1V;_1 find arank t NMF

+ Step 1. Greedy feature selection
(ug,v¢) =arg min  u' (VXR(F’X”EJU

uEBT,UEBi

v Maximizing the decreasing rate of loss function at F\t_l
+ Step 2. Weight update (noton \;’s )
Uy = [Up—1,w), Vi = [Viei3v ]

W, =arg min R(F’ UtWtVt) t X t, convex - easy
WtERj_Xt
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Incremental algorithm

-
F%F:Z)\iuiv;, U7;€B_T,U7;€Bi
1=1

At t-th round: start from a rank (t-1) F\t_l = U,_1V;_1 find arank t NMF

+ Step 1. Greedy feature selection
(ug,v¢) =arg min  u' (VXR(F’X”EJU

uEBT,UEBi

v Maximizing the decreasing rate of loss function at Fi_1

+ Step 2. Weight update (noton \;’s )
U = [Ur-1,w], Ve = [Vicriv) ]

W, =arg min R(F’ UtWtVt) t X t, convex - easy
WtERj_Xt

V,=W,V, F,=UV,
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Guarantee R(F,F,) < R(F,F*)+?
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Guarantee R(F,F,) < R(F, EF*)+?

+ Oneround improvement - -
R(F, ﬁt—l) — R(F, ﬁt) > (R(F,Fy—1)—R(F,F))

25(211%'0;'_ er* Aj)2
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Guarantee R(F,F,) < R(F, EF*)+?

+ Oneround improvement

-~ - R(F,Fy_1)—R(F,E*))?
R(F7 Ft—l) — R(F7 Ft) Z ( 2(5(2%37?61(* >\:<)2))

+ After t rounds
R(F, F})

AN

2B
t

R(F, F})

AN

(0N

R(F,F*)+¢€, fort> AB(R(F.0)-R(FE)
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Guarantee R(F,F,) < R(F, EF*)+?

+ One round improvement

N ~ (R(F,F;_1)—R(F,F}))?
R(F7 Ft—l) - R(F’ Ft) E Qﬁ(zuiviTEI* A7)?

+ After t rounds
R(F, F})

AN

2B
t

R(F F\*) +e, fort> 4ﬁ(R(F’O)_R(F’ﬁ:))T.

(0N

R(F, F})

AN

+ Sofar, break the original problem into a sequence of “simpler” problems:

(ug, vp) = arg uezg??,i?esz uw' (VXR(F, X) \ﬁt_)’“

Can we solve the “simpler” problems efficiently?
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Rank one problem (matrix)

T
+ Greedy feature selection step LA U (VXR(F’ X) ‘ﬁt_l) ¢
+

Q

+ Asymmetric case can be reduced to symmetric case
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Rank one problem (matrix)

+ Greedy feature selection step min u ' (VX R(F, X)

uGBT

+ SDP relaxation for quadratic program

min  Trace(QX)

XERD ST

such that: X > 0, X rank one
X =0, Vi, j,
Trace(X) = 1.

+ Asymmetric case can be reduced to symmetric case
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+ Greedy feature selection step min u ' (VX R(F, X)
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Rank one problem (matrix)

+ Greedy feature selection step ufgg}n u (vXR(Fv X)‘F\t—l) “
+

+ SDP relaxation for quadratic program Q

min  Trace(QX)

XERD ST

such that: X > 0, X rank one
X;; >0, Vi, 7,
Trace(X) = 1.

If X is rank one, then X = uu'.

+ What if SDP solution is not rank one?
v Rank reduction, other relaxation form to enforce rank constraint

+ Asymmetric case can be reduced to symmetric case
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Rank one problem (tensor)

+ Greedy feature selection step minyesy QU u, ..., u)

d
+ General polynomial optimization over (multi) positive spheres

+ Asymmetric case can be reduced to symmetric case
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Rank one problem (tensor)

+ Greedy feature selection step minyesy QU Y, ..., )

d
+ General polynomial optimization over (multi) positive spheres

+ Reduce to a QP (auxiliary variables of monomials)

d/2 d/2—1 d/2—2 d/2 ~
z:[ul , Uy U2, . .., Uy UoU3, - . ., Un ]ER’”’

+ Asymmetric case can be reduced to symmetric case
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Rank one problem (tensor)

+ Greedy feature selection step minyesy QU U - - -, u)

d
+ General polynomial optimization over (multi) positive spheres

+ Reduce to a QP (auxiliary variables of monomials)

d/2 d/2—1 d/2—2 d/2 ~
z:[ul , Uy U2, . .., Uy UoU3, - . ., Un ]ER’”’

+ Adopt SDP relaxation 7 — »»>T monomials of degree d
min  Trace(QZ)
ZERY
such that: Z > 0, rank one,
Z; i >0, Vi,7 <n,

_ 2 2 2
Trace(PyZ) = E Uiy Uiy - - - Ui,

. 01,0005ta/2 €[N .
a set of linear consistency constraints

+ Asymmetric case can be reduced to symmetric case
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Summary before numerical examples

+ Two step sequential algorithm
v Heuristic post processing: prune least important features

v Use itin complementary to alternating optimization methods
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v Use itin complementary to alternating optimization methods

+ Message

v Tradeoff computation with guaranteed accuracy

v A class of “Hard” ML problems, non-convex due to latent structure

look for efficient algorithm -- more assumptions, or approximate solution

Alternating optimization, EM-
based algorithm (Lee Seung
2001) (Hoyer 2004)

Exact  recovery  algorithms
(Arora et al 2012) (Recht et al

2012)

Proposed algorithm

computation | fast O(n") O(r poly(nm))
guarantee | start from random initialization, | provably R(F, E,._) < R(F, ﬁ;) +€
converge to local optima
robustness | optimization based, agnostic assumptions: exact factorization | optimization based, agnostic

/ anchor word / random genera-
tion of factors




Summary before numerical examples

+ Two step sequential algorithm

v Heuristic post processing: prune least important features

v Useitin complementary to alternating optimization methods
+ Message

v Tradeoff computation with guaranteed accuracy

v A class of “Hard” ML problems, non-convex due to latent structure
look for efficient algorithm -- more assumptions, or approximate solution

+ Open problems
v Understand SDP relaxation, variations of relaxation to enforce rank constraint
v Large scale SDP numerical

v Proof for guarantee on Greedy + ALS
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Numerical example

+ Symmetric matrix, n =60 F, = U,U,
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Numerical example

+ Symmetric matrix, n =60 F, = U,U,

Use sequential algorithm for initial point of alternating improvement

O ALS
—S—Greedy algorithm |
- Greedy + ALS

=
n

o=
N

dyerdge medn square loss
=
Lad

O O
0.2
=] D
~0. O
01! &.\EE_E E E |
0 . . +1—-
0 5 10 15

h=60, inner dimension r
Greedy selection + weight update

One time ALS improvement



Numerical example

+ Symmetric matrix, n=60 F, = U,U;
Use sequential algorithm for initial point of alternating improvement

Sequential algorithm is exact if the matrix is orthogonally decomposable

- - 0.2 . . |
o ALS O ALS
0.5} —o—Greedy algorithm | - —6- Greedy algorithm
- Greedy + ALS 0.15 - Greedy + ALS

dyerdge medn square loss
=
Lad

dverajge mean square 0SS
-
—

O ¢
0.2
= O 4 0.05¢
0.1 1&.33556 E
0 - ' — 0
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h=60, inner dimension r h=60, inner dimension r

Greedy selection + weight update
One time ALS improvement
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Numerical example

+ Asymmetric matrix, n=m =30
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Numerical example

+ Asymmetric matrix, n =m =30

dverajge mean square 0SS

=
n

= o= =
b ta} N

=
—

=

O ALS

- Greedy + ALS

—&— Greedy algorithm |

-

h=30, m=30, inner dimension r

Greedy selection + weight update
One ALS improvement
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Numerical example

+ Asymmetric matrix, n =m =30

o ALS | > ALS
0.5} —&— Greedy algorithm |
- Greedy + ALS

0.5} —&— Greedy algorithm |
- Greedy + ALS

=
ha

=
b3
dverajge medn square 0SS
=
fat

dverajge mean square 0SS
=
fat

=

—

=
—

0 0
0 0
h=30, m=30, inner dimensionr h=30, m=30, inner dimensionr
Greedy selection + weight update Greedy selection + weight update + ALS
One ALS improvement One ALS improvement
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Numerical example

+ 4-th order symmetric tensor n = 20, true rank r* =5

dverajge medn square 0SS

0.04

=
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G

—&— Greedy algorithm
- Greedy + ALS

- G-

5 4 6

d =4, n=20, inner dimension r

8
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Thank you

LIDS student conference 2015
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