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ABSTRACT

Efficiently learning mixture of Gaussians is a fundamental
problem in statistics and learning theory. Given samples
coming from a random one out of £ Gaussian distributions
in R"™, the learning problem asks to estimate the means and
the covariance matrices of these Gaussians. This learning
problem arises in many areas ranging from the natural sci-
ences to the social sciences, and has also found many ma-
chine learning applications.

Unfortunately, learning mixture of Gaussians is an infor-
mation theoretically hard problem: in order to learn the pa-
rameters up to a reasonable accuracy, the number of samples
required is exponential in the number of Gaussian compo-
nents in the worst case. In this work, we show that provided
we are in high enough dimensions, the class of Gaussian mix-
tures is learnable in its most general form under a smoothed
analysis framework, where the parameters are randomly per-
turbed from an adversarial starting point.

In particular, given samples from a mixture of Gaussians
with randomly perturbed parameters, when n > Q(ka), we
give an algorithm that learns the parameters with polyno-
mial running time and using polynomial number of samples.

The central algorithmic ideas consist of new ways to de-
compose the moment tensor of the Gaussian mixture by ex-
ploiting its structural properties. The symmetries of this
tensor are derived from the combinatorial structure of higher
order moments of Gaussian distributions (sometimes referred
to as Isserlis’ theorem or Wick’s theorem). We also develop
new tools for bounding smallest singular values of structured
random matrices, which could be useful in other smoothed
analysis settings.
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1. INTRODUCTION

Learning mixtures of Gaussians is a fundamental problem
in statistics and learning theory, whose study dates back to
Pearson| (1894). Gaussian mixture models arise in numer-
ous areas including physics, biology and the social sciences
(McLachlan and Peel| (2004)); |Titterington et al.| (1985)), as
well as in image processing (Reynolds and Rose| (1995))) and
speech (Permuter et al.| (2003)).

In a Gaussian mixture model, there are k& unknown n-
dimensional multivariate Gaussian distributions. Samples
are generated by first picking one of the k Gaussians, then
drawing a sample from that Gaussian distribution. Given
samples from the mixture distribution, our goal is to esti-
mate the means and covariance matrices of these underlying
Gaussian distributiondl]

This problem has a long history in theoretical computer
science. The seminal work of [Dasgupta) (1999) gave an al-
gorithm for learning spherical Gaussian mixtures when the
means are well separated. Subsequent works (Dasgupta and
Schulman/ (2000); |Sanjeev and Kannan| (2001); |Vempala and
Wang (2004); Brubaker and Vempala/ (2008)) developed bet-
ter algorithms in the well-separated case, relaxing the spher-
ical assumption and the amount of separation required.

When the means of the Gaussians are not separated, after
several works (Belkin and Sinhal (2009)); Kalai et al.| (2010))),
Belkin and Sinhal (2010)) and |[Moitra and Valiant| (2010) in-
dependently gave algorithms that run in polynomial time
and with polynomial number of samples for a fixed num-
ber of Gaussians. However, both running time and sample
complexity depend super exponentially on the number of
components Their algorithm is based on the method of
moments introduced by [Pearson| (1894)): first estimate the
O(k)-order moments of the distribution, then try to find
the parameters that agree with these moments. Moitra and
Valiant| (2010) also show that the exponential dependency
of the sample complexity on the number of components is
necessary, by constructing an example of two mixtures of
Gaussians with very different parameters, yet with expo-
nentially small statistical distance.

Recently, [Hsu and Kakade| (2013) applied spectral meth-
ods to learning mixture of spherical Gaussians. When n >
k + 1 and the means of the Gaussians are linearly inde-
pendent, their algorithm can learn the model in polyno-
mial time and with polynomial number of samples. This

! This is different from the problem of density estimation
considered in [Feldman et al.| (2006); |Chan et al.| (2014)

2 In fact, it is in the order of O(eo<k)k) as shown in Theorem
11.3 in |Valiant| (2012).
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result suggests that the lower bound example in |Moitra and
Valiant| (2010)) is only a degenerate case in high dimensional
space. In fact, most (in general position) mixture of spher-
ical Gaussians are easy to learn. This result is also based
on the method of moments, and only uses second and third
moments. Several follow-up works (Bhaskara et al.| (2014));
Anderson et al| (2013)) use higher order moments to get
better dependencies on n and k.

However, the algorithm in [Hsu and Kakade, (2013)) as well
as in the follow-ups all make strong requirements on the co-
variance matrices. In particular, most of them only apply
to learning mixture of spherical Gaussians. For mixture of
Gaussians with general covariance matrices, the best known
result is still Belkin and Sinha(2010) and |[Moitra and Valiant
(2010)), which algorithms are not polynomial in the number
of components k. This leads to the following natural ques-
tion:

Question: Is it possible to learn most mixture of Gaussians
in polynomial time using a polynomial number of samples?

Our Results.

In this paper, we give an algorithm that learns most mix-
ture of Gaussians in high dimensional space (when n >
Q(k?)), and the argument is formalized under the smoothed
analysis framework first proposed in |Spielman and Teng
(2004).

In the smoothed analysis framework, the adversary first
choose an arbitrary mixture of Gaussians. Then the mean
vectors and covariance matrices of this Gaussian mixture are
randomly perturbed by a small amount pﬂ The samples are
then generated from the Gaussian mixture model with the
perturbed parameters. The goal of the algorithm is to learn
the perturbed parameters from the samples.

The smoothed analysis framework is a natural bridge be-
tween worst-case and average-case analysis. On one hand, it
is similar to worst-case analysis, as the adversary chooses the
initial instance, and the perturbation allowed is small. On
the other hand, even with small perturbation, we may hope
that the instance be different enough from degenerate cases.
A successful algorithm in the smoothed analysis setting sug-
gests that the bad instances must be very “sparse” in the pa-
rameter space: they are highly unlikely in any small neigh-
borhood of any instance. Recently, the smoothed analysis
framework has also motivated several research work (Kalai
et al.| (2009) Bhaskara et al.| (2014))) in analyzing learning
algorithms.

In the smoothed analysis setting, we show that it is easy
to learn most Gaussian mixtures:

THEOREM 1.1. (informal statement of Theorem In
the smoothed analysis setting, when n > Q(k?), given sam-

ples from the perturbed n-dimensional Gaussian mixture model

with k components, there is an algorithm that learns the cor-
rect parameters up to accuracy € with high probability, using
polynomial time and number of samples.

An important step in our algorithm is to learn Gaus-
sian mixture models whose components all have mean zero,
which is also a problem of independent interest (Zoran and
Weiss| (2012))). Intuitively this is also a “hard” case, as there
is no separation in the means. Yet algebraically, this case

3See Definition in Section for the details.

gives rise to a novel tensor decomposition algorithm. The
ideas for solving this decomposition problem are then gen-
eralized to tackle the most general case.

THEOREM 1.2. (informal statement of Theorem In
the smoothed analysis setting, when n > Q(k?), given sam-
ples from the perturbed mixture of zero-mean n-dimensional
Gaussian mizture model with k components, there is an al-
gorithm that learns the parameters up to accuracy € with
high probability, using polynomial running time and number
of samples.

Organization.

The main part of the paper will focus on learning mix-
tures of zero-mean Gaussians. The proposed algorithm for
this special case contains most of the new ideas and tech-
niques. In Section [2] we introduce the notations for ma-
trices and tensors which are used to handle higher order
moments throughout the discussion. Then in Section [3] we
introduce the smoothed analysis model for learning mixture
of Gaussians and discuss the moment structure of mixture of
Gaussians, then we formally state our main theorems. Sec-
tion@outlines our algorithm for learning zero-mean mixture
of Gaussians. In Section [ we briefly discuss how the ideas
for zero-mean case can be generalized to learning mixture of
nonzero Gaussians.

2. NOTATIONS

Vectors and Matrices.

In the vector space R", let (-,-) denote the inner product
of two vectors, and || - || to denote the Euclidean norm.

For a tall matrix A € R™*", let A, ;; denote its j-th col-
umn vector, let A" denote its transpose, AT = (AT A)"'AT
denote the pseudoinverse, and let o (A) denote its k-th sin-
gular value. Let I, be the identity matrix of dimension n xn.
The spectral norm of a matrix is denoted as || - ||, and the
Frobenius norm is denoted as || - ||[r. We use A = 0 for
positive semidefinite matrix A.

In the discussion, we often need to convert between vectors
and matrices. Let vec(A) € R™" denote the vector obtained

by stacking all the columns of A. For a vector x € Rmz,
let mat(z) € R™*™ denote the inverse mapping such that
vec(mat(z)) = x.

We use [n] to denote the set {1,2,...,n} and [n] X [n] to
denote the set {(i,7) : 4,5 € [n]}. These are often used as
indices of matrices.

Symmetric matrices.

We use R{,., to denote the space of all n x n symmet-
ric matrices, which subspace has dimension (";1) Since we
will frequently use n X n and k X k symmetric matrices, we

denote their dimensions by the constants ns = (";Ll) and

ke = (k'gl) Similarly, we use RY,;,, *" to denote the sym-
metric k-dimensional multi-arrays (tensors), which subspace
has dimension ("*Z‘l). If a k-th order tensor X € Ry, <",
then for any permutation 7 over [k], we have Xp, .. n, =
X

M (1) M (k) *



Linear subspaces.

We represent a linear subspace S € R™ of dimension d by
a matrix S € R™ % whose columns of S form an (arbitrary)
orthonormal basis of the subspace. The projection matrix
onto the subspace S is denoted by Projg = SST, and the
projection onto the orthogonal subspace S* is denoted by
Projgi = I, —SST. When we talk about the span of several
matrices, we mean the space spanned by their vectorization.

Tensors.

A tensor is a multi-dimensional array. Tensor notations
are useful for handling higher order moments. We use ® to
denote tensor product, suppose a,b,c e R*", T =a®bRc €
R™ ™™ and Ty, ip,is = @iy bigCiz. For a vector z € R™, let
the t-fold tensor product z®¢ denote the t-th order rank one
tensor (2®)iy 49,0y = H§:1 Tij-

Every tensor defines a multilinear mapping. Consider a
3-rd order tensor X € R"4*"BX"C_ For given dimension
ma,mp,mc, it defines a multi-linear mapping X(-,-,) :
R7MAX™A 5 RMBX™ME » RMCXMC _y RMAXMBXMC defined as
below: (Vj1 € [mal, j2 € [ms], js € [mc])

[(X(V1, V2, V3)]j1 ja.ds

= 2

i1€[naliz€[npl,iz€[nc]

Xiinyia[Vili1,i1 [Valia iz [Valjs,ia-

If X admits a decomposition X = Ele ALy ® By @ ClL g
for A € R"A** B € R"BX* ' € R"** the multi-linear
mapping has the form X(Vi,V,V5) = S8 (Vi" A ) ©
(Vo' By,ip) ® (V5" Cla))-

In particular, the vector given by X (e;,e;, ) is the one-
dimensional slice of the 3-way array, with the index for the
first dimension to be 7 and the second dimension to be j.

Matrix Products.
We use ® to denote column wise Katri-Rao product, and

Rk to denote Kronecker product. As an example, for ma-
trices A € R™AX" B € R™BX" (' ¢ RmMcXn,

[A® B® Cljyiss = D Ajy.iBis,iCis iy
=1

[A© Bl j) = Ap..j) @kr Br. j);

ALlB cee AlynB

A Qrr B = : .

Am, 1B Am,nB

3. MAIN RESULTS

In this section, we first formally introduce the smoothed
analysis framework for our problem and state our main the-
orems. Then we will discuss the structure of the moments
of Gaussian mixtures, which is crucial for understanding our
method of moments based algorithm.

3.1 Smoothed Analysis for Learning Mixture
of Gaussians

Let Gn, denote the class of Gaussian mixtures with &
components in R™. A distribution in this family is specified
by the following parameters: the mixing weights w;, the
mean vectors /,L(” and the covariance matrices XV, for i €

[K].

k
G = {G = {(wi,n®, S bicpy s wi € R, Y wi =1,

=1
p@ e R, 2O e REXT RO~ 0}.

As an interesting special case of the general model, we also
consider the mixture of “zero-mean” Gaussians, which has
pY =0 for all components i € [k].

A sample z from a mixture of Gaussians is generated in
two steps:

1. Sample h € [k] from a multinomial distribution, with
probability Pr[h = i] = w; for i € [k].

2. Sample x € R" from the h-th Gaussian distribution
N (™, 20,

The learning problem asks to estimate the parameters of the
underlying mixture of Gaussians:

DEFINITION 3.1  (LEARNING MIXTURE OF (GAUSSIANS).
Given N samples x1,x2,...,xNn drawn i.i.d. from a mix-
ture of Gaussians G = {(wi,u(i),E(i))}ie[k], an algorithm
learns the mizture of Gaussians with accuracy e, if it out-
puls an estimation G = {@:, 59, iu))}ie[k] such that there
exists a permutation m on [k], and for all i € [k], we have
81— ] < & A — uT )| < € and SO BT < e

In the worst case, learning mixture of Gaussians is a in-
formation theoretically hard problem (Moitra and Valiant
(2010)). There exists worst-case examples where the number
of samples required for learning the instance is at least expo-
nential in the number of components k (McLachlan and Peel
(2004)). The non-convexity arises from the hidden variable
h: without knowing h we cannot determine which Gaussian
component each sample comes from.

The smoothed analysis framework provides a way to cir-
cumvent the worst case instances, yet still studying this
problem in its most general form. The basic idea is that,
with high probability over the small random perturbation
to any instance, the instance will not be a “worst-case” in-
stance, and actually has reasonably good condition for the
algorithm.

Next, we show how the parameters of the mixture of Gaus-
sians are perturbed in our setup.

DEFINITION 3.2  (p-SMOOTH MIXTURE OF (GAUSSIANS ).
For p < 1/n, a p-smooth n-dimensional k-component mix-
ture of Gaussians G = {(@, 1", i(i))}ie[k] € Gn .k is gener-
ated as follows:

1. Choose an arbitrary (could be adversarial) instance G =
{(wis pD, 2N Yicn € Gk Scale the distribution such
that 0<% <11, and ||| < 1 for alli € [K].

2. Let A; € Ry be a random symmetric matric with ze-
ros on the diagonals, and the upper-triangular entries
are independent random Gaussian variables N (0, p?).
Let §; € R™ be a random Gaussian vector with inde-
pendent Gaussian variables N'(0, p?).

3. Set w; = w;, i = p® 44, 8D = 2O 4 A,



4. Choose the diagonal entries of =@ arbitrarily, while
ensuring the positive semi-definiteness of the covari-
ance matrix i(i), and the diagonal entries are upper
bounded by 1. The perturbation procedure fails if this
step is mfeasiblcﬂ

A p-smooth zero-mean mizture of Gaussians is generated us-
ing the same procedure, except that we set i = p» =0,
for all i € [K].

REMARK 3.3. When the original matriz is of low rank,
a simple random perturbation may not lead to a positive
semidefinite matriz, which is why our procedure of pertur-
bation is more restricted in order to guarantee that the per-
turbed matriz is still a valid covariance matriz.

There could be other ways of locally perturbing the covari-
ance matriz. Our procedure actually gives more power to the
adversary as it can change the diagonals after observing the
perturbations for other entries. Note that with high probabil-
ity if we just let the new diagonal to be 5+/np larger than the
original ones, the resulting matriz is still a valid covariance
matriz. In other words, the adversary can always keep the
perturbation small if it wants to.

Instead of the worst-case problem in Definition [3:I} our
algorithms work on the smoothed instance. Here the model
first gets perturbed to G = {(&i7ﬁ<i), §]<i))}ie[k], the sam-
ples are drawn according to the perturbed model, and the
algorithm tries to learn the perturbed parameters. We give
a polynomial time algorithm in this case:

THEOREM 3.4  (MAIN THEOREM). Consider a p-smooth
mizture of Gaussians G = {(@i,ﬁ(”,i(i))}ie k] € Gnk for
which the number of components is at least|’| k > Co and
the dimension n > C1k?, for some fized constants Co and
C4. Suppose that the mizing weights W; > w, for all i € [k].
Given N samples drawn i.i.d. from 5, there is an algo-
rithm that learns the parameters of G up to accuracy €, with
high probability over the randomness in both the perturba-
tion and the samples. Furthermore, the running time and
number of samples N required are both upper bounded by
poly(n, k,1/wo.,1/€,1/p).

To better illustrate the algorithmic ideas for the general
case, we first present an algorithm for learning mixtures of
zero-mean Gaussians. Note that this is not just a special
case of the general case, as with the smoothed analysis, the
zero mean vectors are not perturbed.

THEOREM 3.5
ture of zero-mean Gaussians G = {(51,0,5(“)}16[“ € Gnk
for which the number of components is at least k > Co
and the dimension n > C1k*, for some fized constants Co
and C1. Suppose that the mizing weights w; > w, for all
i € [k]. Given N samples drawn i.i.d. from G, there is

(ZERO-MEAN). Consider a p-smooth miz-

an algorithm that learns the parameters of G up to accu-
racy €, with high probability over the randomness in both

4 Note that by standard random matrix theory, with high
probability the 4-th step is feasible and the perturbation
procedure in Definition FSiZl succeeds. Also, with high prob-
ability we have ||| <1 and 0 < X" <, for all i € [K].
®Note that the algorithms of [Belkin and Sinhal (2010) and
Moitra and Valiant| (2010) run in polynomial time for fixed
k.

the perturbation and the samples. Furthermore, the running
time and number of samples N are both upper bounded by

pOly(?’L, k? 1/&)0, 1/67 1/p)

Throughout the paper we always assume that n > C1k?
and w; > w,.

3.2 Moment Structure of Mixture of Gaussians

Our algorithm is also based on the method of moments,
and we only need to estimate the 3-rd, the 4-th and the 6-th
order moments. In this part we briefly discuss the structure
of 4-th and 6-th moments in the zero-mean case (3-rd mo-
ment is always 0O in the zero-mean case). These structures
are essential to the proposed algorithm.

The m-th order moments of the zero-mean Gaussian mix-
ture model G € G, i are given by the following m-th order

symmetric tensor My, € RE)5 " Vi1, ..., jm € [n],

k
(Ml g = Elwgy i) = 3w [y )]
=1

where y@ corresponds to the n-dimensional zero-mean Gaus-
sian distribution A/(0, £V). The moments for each Gaussian
component are characterized by Isserlis’s theorem as below:

THEOREM 3.6  (ISSERLIS’ THEOREM). Let (y1,...,Y2¢) be
a multivariate zero-mean Gaussian random vector N (0, ),

then
E[yl . ygt] = Z quﬂ,,

where the summation is taken over all distinct ways of par-
titioning yi, . . ., y2¢ into t pairs, which correspond to all the
perfect matchings in a complete graph.

Ideally, we would like to obtain the following quantities
(recall ny = (";1))

k
X4 = Zwivec(z(i>)®2 € R"2X"2 (1)
=1
k .
Xo =) wivee(Z)@® € R"2¥"27"2, (2)
=1

Note that the entries in X4 and X are quadratic and
cubic monomials of the covariance matrices, respectively. If
we have X4 and Xg, the tensor decomposition algorithm in
Anandkumar et al.| (2014) can be immediately applied to
recover w;’s and ¥¥’s under mild conditions. It is easy to
verify that those conditions are indeed satisfied with high
probability in the smoothed analysis setting.

By Isserlis’s theorem, the entries of the moments M, and
Mg are indeed quadratic and cubic functions of the covari-
ance matrices, respectively. However, the structure of the
true moments M4 and Mg have more symmetries, consider
for example,

k
[Mil1234 =Y wi(S{555) + 2158, +21),58),
i=1

ElewiZggngl. Note that due to
n+3) ~
4

while [X4](172)’(3,4) =
symmetry, the number of distinct entries in My ( (
n?/24) is much smaller than the number of distinct entries
in Xy (("%") ~ n"/8). Similar observation can be made
about Mg and Xg.



Therefore, it is not immediate how to find the desired X4
and Xg based on My and Ms. We call the moments My, Mg
the folded moments as they have more symmetry, and the
corresponding X4, Xg the unfolded moments. One of the key
steps in our algorithm is to unfold the true moments Ma, Mg
to get X4, X6 by exploiting special structure of My, M.

In some cases, it is easier to restrict our attention to the
entries in M4 with indices corresponding to distinct vari-
ables. In particular, we define

My = [[Maljy g5 ,js.ja - 1 <1 < j2 < jz < ja <n] €R™,

®3)

where ns = (Z) is the number of 4-tuples with indices cor-
responding to distinct variables. We define Mg € R™ simi-
larly where ng = (Z) We will see that these entries are nice
as they are linear projections of the desired unfolded mo-
ments X4 and X¢ (Lemma below), also such projections
satisfy certain “symmetric off-diagonal” properties which are
convenient for the proof.

LEMMA 3.7.
there exist two fized and known linear mappings Fa
R™ and Fg : R™"2%X"™2%X"2 5 R™6 gych that:

My =V3Fu(Xs), M= V15Fs(Xe). )

For a zero-mean Gaussian mixture model,
(R™2X"2

Moreover Fy is a projection from a ("2;1)-dimensional sub-
space to a na-dimensional subspace, and Fg is a projection
from a ("2;2) -dimensional subspace to a ne-dimensional sub-
space.

4. ALGORITHM OUTLINE FOR LEARN-
ING MIXTURE OF ZERO-MEAN GAUS-
SIANS

In this section, we present our algorithm for learning zero-
mean Gaussian mixture model. The algorithmic ideas and
the analysis are at the core of this paper. Later we show
that it is relatively easy to generalize the basic ideas and
the techniques to handle the general case.

For simplicity we state our algorithm using the exact mo-
ments M4 and Ms, while in implementation the empirical
moments M4 and M6 obtained with the samples are used.
In later sections, we verify the correctness of the algorithm
and show that it is robust: the algorithm learns the param-
eters up to arbitrary accuracy using polynomial number of
samples.

STEP 1. Span Finding: Find the span of covariance ma-
trices .

(a) For a set of indices H C [n] of size |H| =
span:

Vn, find the

stpan{ifi)ﬂ RS [k},je’H} CR™ (5)

(b) Find the span of the covariance matrices with the columns

projected onto S*, namely,

Us = span{vec(Pm]Si S0y k’]} cR™ (6)

(¢) For two disjoint sets of indices H1 and Ha, repeat Step
1 (a) and Step 1 (b) to obtain Uy and Uz, namely the

span of covariance matrices projected onto two sub-
spaces St and Sy-. Merge Uy and Us to obtain the
span of covariance matrices U:

U= span{i(i> NS [k]} C R"™2. (7

STEP 2. Unfolding: Recover the unfolded moments )?4, Xe.

Given the folded moments M4,Z\76 as defined in , and
given_ the subspace U € R"2** from Step 1, let Yy € RESF
and Ys € RE<F*F be the unknowns, solve the following sys-

tems of linear equations.

Mo = VIBFs(Ys(UT,UT,UT)).
(8)

M, = V3FR(UYAUT),

The unfolded moments )?4,)?6 are then given by

Xa=UVaU" Xe=Ys(U ,U",U").

__ STEP 3. Tensor Decomposition: learn @i and 0 from
Y, and Ys. B B

Given U, and given Yy and Ys which are relate to the pa-
rameters as follows:

k
Y4 _ Zw E(Z) Z 2(1)

we apply tensor decomposition techniques to recover 5@ g
and w;’s

S. IMPLEMENTING THE STEPS FOR MIX-
TURE OF ZERO-MEAN GAUSSIANS

In this part we show how to accomplish each step of the
algorithm outlined in Section E| and sketch the proof ideas.

For each step, we first explain the detailed algorithm, and
list the deterministic conditions on the underlying parame-
ters as well as on the ezact moments for the step to work
correctly. Then we show that these deterministic conditions
are satisfied with high probability over the p-perturbation of
the parameters in the smoothed analysis setting. In order to
analyze the sample complexity, we further show that when
we are given the empirical moments which are close to the
exact moments, the output of the step is also close to that
in the exact case.

In particular we show the correctness and the stability of
each step in the algorithm with two main lemmas: the first
lemma shows that with high probability over the random
perturbation of the covariance matrices, the exact moments
satisfy the deterministic conditions that ensure the correct-
ness of each step; the second lemma shows that when the
algorithm for each step works correctly, it is actually stable
even when the moments are estimated from finite samples
and have only inverse polynomial accuracy to the exact mo-
ments.

Step 1: Span Finding.

Given the 4-th order moments M4, Step 1 finds the span
of covariance matrices U as defined in . Note that by
definition of the unfolded moments X4 in , the subspace
U coincides with the column span of the matrix X4

By Lemma . we know that the entries in M4 are linear
mappings of entries in X4. Since the matrix X4 is of low rank



(k < n2), this corresponds to the matriz sensing problem
first studied in [Recht et al.| (2010). In general, matrix sens-
ing problems can be hard even when we have many linear
observations (Hardt et al|(2014b))). Previous works (Recht
et al.[(2010); Hardt et al.|(2014a);|Jain et al.| (2013))) showed
that if the linear mapping satisfy matriz RIP property, one
can uniquely recover )~(4 from M4.

However, properties like RIP do not hold in our setting
where the linear mapping is determined by Isserlis’ Theo-
rem. We can construct two different mixtures of Gaussians
with diffe}gnt unfolded moments X4, but the same folded
moment My. Therefore the existing matrix recovery algo-
rithm cannot be applied, and we need to develop new tools
by exploiting the special moment structure of Gaussian mix-
tures.

Step 1 (a). Find the Span of a Subset of Columns of the
Covariance Matrices. .

The key observation for this step is that if we hit M4 with
three basis vectors, we get a vector that lies in the span of
the columns of the covariance matrices:

Cram 5.1. For a mizture of zero-mean Gaussians G =
{(wi, 0,2 }icr] € Gnok, the one-dimensional slices of the
4-th order moments My are given by: Vi1, ja, js € [n]

M4(ej1 )y €525 €435 I)
k
=D wi (211 2Dl T S Sa + S Jsxml) - )
i—1

In particular, if we pick the indices ji,j2,j3 in the index
set H, the vector My(ej,,ej,,€;,, 1) lies in the desired span
S= {z{ )i [k],je%}.

We shall partition the set H into three disjoint subsets
HD of equal size /n/3, and pick j; € H® for i =1,2,3. In
this way, we have (|H|/3)® = Q(n'®) such one-dimensional
slices of My, which all lie in the desired subspace S. More-
over, the dimension of the subspace S is at most k|H| <
n'®. Therefore, with the p-perturbed parameters if(i)’s, we
can expect that with high probability the slices of My span
the entire subspace S.

CONDITION 5.2 (DETERMINISTIC CONDITION). Let @s €
H}L"X(ml/?’) be the matriz whose columns are the wvectors
Ma(ej,, €5y, €55, 1) for ji € HD. If the matriz Qs achieves
its mazimal column rank k|H|, we can find the desired span

S defined in by the column span of matrix Qs.

We first show that this deterministic condition is satisfied
with high probability by bounding the k|H|-th singular value
of Qs with smoothed analysis.

LEMMA 5.3 (CORRECTNESS). Given the exact 4-th or-
der moments Mys, for any index set H of size |H| = /n,

With high probability, the k|H|-th singular value of Qs is at
least Q(wop?n).

The proof idea involves writing the matrix @s as a prod-
uct of three matrices, and using the results on spectral prop-
erties of random matrices Rudelson and Vershynin| (2009) to
show that with high probability the smallest singular value
of each factor is lower bounded.

Since this step only involves the singular value decompo-
sition of the matrix s, we then use the standard matrix
perturbation theory to show that this step is stable:

LEMMA 5.4  (STABILITY). Given the empirical estima-
tor of the 4-th order moments ]\/4\4 = M4 + E4, suppose that
the entries of Ei have absolute value at most §. Let the
columns of matriz S € RVFH pe the left singular vector
of Qs, and let S be the corresponding matrix obtained with
]\//74. When ¢ is inverse polynomially small, the distance be-
tween the two projections || Projg — Projg|| is upper bounded

by O (n1'255/0km|(@5))v

REMARK 5.5. Note that we need the high dimension as-
sumption (n > k) to guarantee the correctness of this step:
in order to span the subspace S, the number of distinct vec-
tors should be equal or larger than the dimension of the sub-
space, namely |H|* > k|H|; and the subspace should be non-
trivial, namely k|H| < n. These two inequalities suggest that
we need n > Q(k'®). However, we used the stronger as-
sumption n > Q(k?) to obtain the lower bound of the small-
est singular value in the proof.

Step 1 (b). Find the Span of Projected Covariance Ma-
trices.

In this step, we continue to use the structural properties
of the 4-th order moments. In particular, we look at the
two-dimensional slices of My obtained by hitting it with two
basis vectors:

CLAIM 5.6. For a mixture of zero-mean Gaussians G =
{(ws,0, E(”)}ie[k] € Gn i, the two-dimensional slices of the
4-th order moments My are given by:  Vji,j2 € [n],

M4(ej17e127[ I)

*sz (26052

+30 =

[:,32]

(2) (1) \T

)+ S ) ) )

(10)
Note that if we take the indices ji1 and j2 in the index set
H, the slice Ma(ej,,ej,,1, 1) is almost in the span of the co-
variance matrices, except 2k additive rank-one terms in the
form of EE )Jl](EEzz])T. These rank-one terms can be elim-
inated by projecting the slice to the subspace S* obtained
in Step 1 (a), namely, Vj1,j2 € H,

vec(Projg1r Ma(ej,, ej,,1,1)) Zlegl)nvec (Projg. ™),

and this projected two-dimensional slice lies in the desired
span Us as defined in @ Moreover, there are (|H|+1
Q(n) such projected two-dimensional slices, while the di-
mension of the desired span Us is at most k.

CONDITION 5.7  (DETERMINISTIC CONDITION).
Let Quy € R™2XIPURIHAD/2 be o matric whose (1, j2)-th
column for is equal to the projected two-dimensional slice

vec(Projg. ]\74(91'1 »€j, 1, 1)),

for j1 < jo and ji,j2 € H. If the matriz QUS achieves its
maximal column rank k, the desired span Us defined in @
is given by the column span of the matriz Quy .



We show that this deterministic condition is satisfied by
bounding the k-th singular value of Qug in the smoothed
analysis setting:

LEMMA 5.8 (CORRECTNESS). Given the exact 4-th or-
der moments My, with high probability, the k-th singular
value of Qug is at least Q(wop®n'?).

Similar to Lemma [5.3] the proof is based on writing the
matrix Qug as a product of three matrices, then bound their
k-th singular values using random matrix theory. The sta-
bility analysis also relies on the matrix perturbation theory.

LEMMA 5.9
der moments My = My + E4, assume that the absolute
value of entries of Ex are at most 62. Also, given the out-
put Projg. from Step 1 (a), and assume that ||Projg. —
Projz. || < 61. When 61 and §2 are inverse polynomially
small, we have

|| Projg, — Projg |l <O <n2'5 (02 + 261) /Uk(@US)) .

(STABILITY). Given the empirical 4-th or-

Step 1 (c). Merge U,,Us to get the span of covariance
matrices U.

Note that for a given index set H, the span Us obtained in
Step 1 (b) only gives partial information about the span of
the covariance matrices. The idea of getting the span of the
full covariance matrices is to obtain two sets of such partial
information and then merge them.

In order to achieve that, we repeat Step 1 (a) and Step 1
(b) for two disjoint sets H1 and Ha, each of size v/n. The
two subspace S1 and S2 thus correspond to the span of two
disjoint sets of covariance matrix columns. Therefore, we
can hope that U; and Us, the span of covariance matrices
projected to Si- and S3 contain enough information to re-
cover the full span U.

In particular, we prove the following claim:

CONDITION 5.10  (DETERMINISTIC CONDITION). Let the
columns of two (unknown) matrices Vi € R™* and Vs €
R™* form, two basis of the same k-dimensional (unknown)
subspace U C R™, and let U denote an arbitrary orthonor-
mal basis of U. Given two s-dimensional subspaces S1 and
So, denote S = Si U Sy. Given two projections of U
onto the two subspaces SF and S;— U = Projsf Vi and
U; = ProjséVz. If 025([S1, S2]) > 0 and Uk(ProjSSU) >0,
there is an algorithm for finding U robustly.

The main idea in the proof is that since s is not too large,
the two subspaces Si- and S3 have a large intersection. Us-
ing this intersection we can “align” the two basis V7 and
V2 and obtain VlJrVg, and then it is easy to merge the two
projections of the same matrix (instead of a subspace).

Moreover, we show that when applying this result to the
projected span of covariance matrices, we have s = k|H| <
n/3, and the two deterministic conditions o2, ([S1, S2]) > 0
and ok (Projg, V1) > 0 are indeed satisfied with high proba-
bility over the parameter perturbation.

Step 2. Unfold the moments to get X, and X.

We show that given the span of covariance matrices U
obtained from Step 1, finding the unfolded moments X47 Xe
is reduced to solving two systems of linear equations.

Recall that the challenge of recovering )?4 and )2'6 is that
the two linear mappings F4 and Fg defined in are not
linearly invertible. The key idea of this step is to make use
of the span U to reduce the number of variables. Note that
given the basis U € R"2** of the span of the covariance
matrices we can represent each vectorized covariance matrix
as 5 = U5, Now Let Vi € R’S“ym and Y; € R’;;,,’i”
denote the unfolded moments in this new coordinate system:

k
~4 _ Za}ig(i)®27 Zw ~(1)
i=1

Note that once we know Y4 and Ya, the unfolded moments
X, and X are given by X4 = UY,U " and X6 = Ys(U ', U, UT).
Therefore, after changing the variable, we need to solve the
two linear equation systems given in with the variables
}74 and }76-

This change of variable significantly reduces the number of
unknown variables. Note that the number of distinct entries

in Y3 and Ys are ky = (kH) and ks (]C§2)7 respectively.

Since k2 < n4 and kg < ng, we can expect that the linear
mapping from Y4 to M4 and the one from YG to MG are
linearly invertible. This argument is formalized below.

CONDITION 5.11  (DETERMINISTIC CONDITION) Rewrite
the two systems of linear equations in in their canonical
form and let Hy € R™4%k2 gpnd Hg IS R”GX’“3 denote the co-
efficient matrices. We can obtain the unfolded moments X4
and X if the coefficient matrices have full column rank.

We show with smoothed analysis that the smallest singu-
lar value of the two coefficient matrices are lower bounded
with high probability:

LEMMA 5.12 (CORRECTNESS). With high probability over
the parameter random perturbation, the ka-th singular value
of the coefficient matriz Hy is at least Q(p*n/k), and the
ks-th singular value of the coefficient matriz Hg is at least

Qp* (n/k)"?).

To prove this lemma we rewrite the coefficient matrix as
product of two matrices and bound their smallest singu-
lar values separately. One of the two matrices corresponds
to a projection of the Kronecker product ¥ ®, X. In the
smoothed analysis setting, this matrix is not necessarily in-
coherent. In order to provide a lower bound to its smallest
singular value, we further apply a carefully designed pro-
jection to it, and then we use the concentration bounds
for Gaussian chaoses to show that after the projection its
columns are incoherent, finally we apply Gershgorin’s The-
orem to bound the smallest singular value

When implementing this step with the empirical moments,
we solve two least squares problems instead of solving the
system of linear equations. Again using results in matrix
perturbation theory and using the lower bound of the small-
est singular values of the two coefficient matrices, we show
the stability of the solution to the least squares problems:

SNote that the idea of unfolding using system of linear equa-
tions also appeared in the work of|Jain and Oh/(2014). How-
ever, in order to show the system of linear equations in their
setup is robust, i.e., the coefficient matrix has full rank, they
heavily rely on the incoherence assumption, which we do not
impose in the smoothed analysis setting.



LEMMA 5.13
M4 = M4 + E4, M6 = MG + Es, and suppose that the ab-
solute value of entries of Fu and Es are at most d1. Let
(7, the output of Step 1, be the estimation for the span
of the covariance matrices, and suppose that ||lA] - [7|| <
02. Let 174 and 176 be the least squares solution respectively.
When /(\51 and 02 are inverse polynomially small, we have
IYa —Ya|lr < O(\/ﬁ(é +02/0min(Ha)) and ||Ys — Ys||r <
O(/n(81 + 83/ min (H)).

Step 3. Tensor Decomposition.

CrLamM 5.14. Given 174, Ys and [7, the symmetric tensor
decomposition algorithm can correctly and robustly find the
mizing weights W;’s and the vectors d;’s, up to some un-
known permutation over [k], with high probability over both
the randomized algorithm and the parameter perturbation.

Proof Sketch for the Zero-mean Case.

Theorem follows from the previous smoothed analysis
and stability analysis lemmas for each step.

First, exploiting the randomness of parameter perturba-
tion, the smoothed analysis lemmas show that the deter-
ministic conditions, which guarantee the correctness of each
step, are satisfied with high probability. Then using concen-
tration bounds of Gaussian variables, we show that with high
probablhty over the random samples, the empirical moments
M4 and M6 are entrywise d-close to the exact moments M4
and M. In order to achieve € accuracy in the parameter es-
timation, we choose § to be inverse polynomially small, and
therefore the number of samples required will be polynomial
in the relevant parameters. The stability lemmas show how
the errors propagate only “polynomially” through the steps
of the algorithm, which is visualized in Figure

6. ALGORITHM OUTLINE FOR LEARN-

ING MIXTURE OF GENERAL GAUSSIANS

In this section, we briefly discuss the algorithm for learn-
ing mixture of general Gaussians. Figureshows the inputs
and outputs of each step in this algorithm. Many steps share
similar ideas to those of the algorithm for the zero-mean case
in previous sections.

Step 1. Find Z and %,

Similar to Step 1 in the zero-mean case, this step makes
use of the structure of the 4-th order moments My, and is
achieved in three small steps:

(a) For a subset H C [n] of size |H| = y/n, find the span:

SRS

S =span {i i€k, jeH} CRY (1)

(b) Find the span of the covariance matrices with the columns

projected onto S*, namely,

Us = span {VeC(PI‘Ost sy iie [k]} CR™. (12)
(c) For disjoint subsets #; and Hs, repeat Step 1 (a) and

Step 1 (b) to obtain U1 and Uz, the span of the covari-
ance matrices projected onto the subspaces Si- and

(STABILITY) Given the empirical moments

S3. The intersection of the two subspaces Uy and Us
gives the span of the mean vectors

Z = span {ﬁm,i € [k]}

Merge the two subspaces U, and Us to obtain the span
of the covariance matrices projected to the subspace
orthogonal to Z, namely

3, = span {PronLi(i)PronJ_ 1€ [k]} .

Step 2. Find the Covariance Matrices in the Subspace
Z* and the Mixing Weights &;’s

The key observation of this step is that when the sam-
ples are projected to the subspace orthogonal to all the
mean vectors, they are equivalent to samples from a mix-
ture of zero-mean Gaussians with covariance matrices s =
Projz. E(i)Prong and with the same mixing weights @;’s.
Therefore, projecting the samples to Z L. the subspace or-
thogonal to the mean vectors, and use the algorithm for the
zero-mean case, we can obtain i(l)’s the covariance matri-
ces projected to this subspace, as well as the mixing weights
w;’s.

Step 3. Find the means.

With simple algebra, this step extracts the prOJected co-
variance matrices E“ ’s from the 3-rd order moments Md,
the mixing weights @; and the projected covariance matrices
ifﬁ’s obtained in Step 2.

Step 4. Find the full covariance matrices.

In Step 2, we obtained f),(f), the covariance matrices pro-
jected to the subspace orthogonal to all the means. Note
that they are equal to matrices (3 + 7@ (7)) T) projected
to the same subspace. We claim that if we can find the span
of these matrices (5@ + 2@ (7)T)’s), we can get each
matrix (@ + @ (7)T), and then subtracting the known
rank-one component to find the covariance matrix 2 This
is similar to the idea of merging two projections of the same
subspace in Step 1 (c) for the zero-mean case.

The idea of finding the desired span is to construct a 4-th
order tensor:

k
My =My +2) @i(EP oY),
i=1
which corresponds to the 4-th order moments of a mix-
ture of zero-mean Gaussians with covariance matrices () +
EOEP)T and the same mixing weights &;’s. Then we
can then use Step 1 of the algorithm for the zero-mean
case to obtain the span of the new covariance matrices, i.e.

span{S@ + 5@ ENT 1 i e [k}

7. CONCLUSION

In this paper we give the first efficient algorithm for learn-
ing mixture of general Gaussians in the smoothed analysis
setting. In the algorithm we developed new ways of extract-
ing information from lower-order moment structure. This
suggests that although the method of moments often in-
volves solving systems of polynomial equations that are in-
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Figure 1: Flow of the algorithm for learning mixture of zero-mean Gaussians.
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Figure 2: Flow of the algorithm for learning mixtures of general Gaussians.

tractable in general, for natural models there is still hope of
utilizing their special structure to obtain algebraic solution.

Smoothed analysis is a very useful way of avoiding degen-
erate examples in analyzing algorithms. In the analysis, we
proved several new results for bounding the smallest singular
values of structured random matrices. We believe the lem-
mas and techniques can be useful in more general settings.

Our algorithm uses only up to 6-th order moments. We
conjecture that using higher order moments can reduce the
number of dimension required to n > Q(k'*€), or maybe
even n > Q(k°).
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